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1 Introduction 



Although discussed for quite some time, the question of renormalizability of field the- 
ories on noncommutative has not been settled in a satisfactory way yet. Noncom- 
mutativity of the coordinates, i.e., a relation of the type 

[xl'^x'']=^e^"', (1.1) 

puts the lower bound on the coordinate measurements, so one would expect that it 
also implies a natural ultraviolet cut-off and acts as a regulator. However, this idea 
has not been successfully implemented in models. 

Usually one represents the noncommutative field by a function ^{x) on and 
encodes the noncommutativity in the multiplication rule (★-product). For example, for 
constant 0^^^, the field multiplication is given by the Moyal-Weyl product: 

<t>{x) * x{x) = e2 a.- <j){x)x{y)\y^x ■ (1-2) 

This product is nonlocal, and so is the field theory defined by it. 

The most extensive study of renormalizability of noncommutative (NC) field theo- 
ries was done for the scalar field theory [1]. One quantizes perturbatively: the diagrams 
in the perturbation theory split into planar and nonplanar. The planar diagrams re- 
produce the behavior of the underlying commutative theory; on the other hand, UV 
divergencies in the nonplanar graphs get regulated by the effective cut-off {6p)~^. But 
for the exceptional values of the momenta (when the momentum flow into the loop is 
zero), these contributions become infinite. The reappearance of the UV divergencies 
in the infrared sector is related to nonlocality of the theory. Renormalizability of non- 
commutative has been analyzed in the recent papers [2, 3, 4] from the point of view 
of the Wilson-Polchinski RG equation. The renormalization procedure was defined in 
some special cases; it was shown that this procedure is different from the usual planar 
renormalization. 

Noncommutative gauge theories, in particular U{1) and U{N), have been studied 
on the similar lines, too. The UV/IR mixing appears in the Feynman graphs in the 
same way as for the scalar field theory [5, 6], so the question of renormalizability has 
the same status. However, for the gauge theories there is another representation. As 
shown by Seiberg and Witten [7], noncommutative and commutative gauge theories are 
equivalent. This equivalence is realized by a mapping relating the representation (gauge 
fields, matter fields) of NC gauge symmetry to the fields carrying the representation 
of its commutative counterpart. The SW map is given as a series in powers of 6^'^. 
Classical action is also expanded in 9: in the zero-th order it reduces to the action of 
ordinary gauge theory; additional terms can be treated as couplings. Nonlocality shows 
up in the infinite number of interactions. This realization gives another framework to 
address the issue of renormalizability: it in particular makes sense in the limit of 
small noncommutativity, 9^0. One of the features of '^-expanded' approach is that 
arbitrary gauge groups and tensor products can be represented, so noncommutative 
generalizations of the standard model have been constructed [8] . 

In this paper, we study the renormalizability of NC SU{2) in the ^-expanded ap- 
proach. Renormalizability of the ^-expanded NC gauge theories has been addressed in 
papers [9, 10, 11, 12] for the gauge group U{1) with or without fermionic matter and for 
its super symmetric extension. Here we discuss the SU (2) theory coupled to fermions in 
the fundamental representation. Although the SU (2) gauge theory technically differs 
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from the abelian U{1) in many details, the conclusion concerning renormalizability is 
the same. If fermions are massive, theory is not renormalizablc. For massless fermions 
the theory is " almost renormalizable" , meaning that there is only one divergent term 
in the effective action which cannot be absorbed by the SW field redefinition scheme. 
The method which we used to calculate the divergent contributions is the background 
field method. As it was thoroughly explained in [12], we skip the technical points here, 
referring also to the standard literature [13]. The calculations for SU{2) are quite 
involved in comparison with U{1), so in this paper we discuss only the 0-linear order 
and find the divergent parts of the 2-point, 3-point and fermionic 4-point functions. 
Previously, the results for U{1) in the ^-linear order were given in [9, 10); for the 2-point 
functions they were extended in [12] to the 0^-ordcr. 

The plan of the paper is the following. In the second section we describe the 
classical action for noncommutative SU{2). In the third section all necessary steps for 
the perturbative quantization are done. The results for the divergencies of the 2-point, 
3-point and fermionic 4-point functions arc given in the sections 4 and 5. The results 
which are obtained and some further issues concerning renormalizability are discussed 
in the last section. 



2 The model 

The general construction of gauge theories on noncommutative space and their relation 
to the SW map were introduced in [14, 15, 16]; we will repeat only a few relevant steps. 

The noncommutative space is an algebra generated by a set of noncommuting co- 
ordinates x'^; in general they obey relations, TZ{x) = 0; for example (1.1). Physical 
fields '(/'(a;) are functions of the coordinates. We want to describe the gauge theory: 
let a{x) = a"'{x)T"' be a (commutative) gauge parameter and - generators of a Lie 
group. The field iIj{x) transforms covariantly under the infinitesimal gauge transfor- 
mation Aq,(x) if daip{x) = iAa{x)i/j{x) . The gauge degrees of freedom are inner, so 
the coordinates are invariant under gauge transformations: SaX^^ = 0. However, 
one can define the 'covariant coordinates' X'* introducing the gauge potentials An{x 

Xf^ = x^ + 9^^''A^{x). They have the transformation property 5aX^^ = i AajXt^ 
when the vector potential transforms appropriately. In order that the infinitesimal 
gauge transformations close, one impose 

SaSl3 - SpSa = 5ax/3, (2-3) 

where a x (3 = —i[a,l3] denotes the composition of two transformations. 

In principle, for a given set of relations TZ = 0, the noncommutative coordinates 
x^ can be represented by the coordinates x^ on a commutative manifold, and the 
multiplication by some ★-product. As already mentioned, in the case of the constant 
noncommutativity (1.1) (which we here consider), the ^-product is the Moyal product 
(1.2); it is possible to construct ^-products for the other cases, too. Expanding the 
gauge parameter and physical fields in 9, the condition (2.3) becomes an equation 
(Seiberg-Witten) for the coefficients in the expansion. A solution of the SW equation 
is 

A(x) = a{x) + ^e^''{d^a{x),A,{x)} + ... 
Ap{x) = Ap{x)-^e^^^{A^{x),d,Apix)+F,pix)} + ... (2.4) 
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the terms of the second order in 9 are given in [16]. In the last formula a{x), A^^x) and 
^p{x) denote the commutative gauge parameter, the vector potential and the fermionic 
field: 

A^ = A';,T\ D^iP = d^^p-iA^^P , (2.5) 

i^M- = d^A, - d,A^ - i [A^, A,] (2.6) 

which correspond to the noncommutative quantities. As terms linear in 6 in (2.4) 
contain anticommutators of T", it is clear that NC gauge fields A(x), A^{x) do not 
close into the Lie algebra; they take values in the enveloping algebra of the gauge 
group. 

The other property of the solution (2.4) is that it is not unique. It can be shown 

[9, 17] that, if A^jf* , ij}^"^^ is a solution of the SW equation (2.3) up to the order n 
in 0, then by adding any gauge covariant expression (of appropriate dimension) with 
exactly n factors of 6 to A^^\ ip^"'^ one obtains another solution. This is similar to the 
relation between the solutions of inhomogeneous and the corresponding homogeneous 
linear equation; in a way, it expresses the nonlocality of the theory. As pointed out 
in [9], this nonuniqueness can be used to subtract the divergent terms in the effective 
action and to regularize the theory - one can think of such a procedure as a sort of 
'dressing' of the 'bare' fields, that is, the choice of the physical ones. 

We now proceed to the action. For NC SU (2) Yang-Mills theory the classical action 
is given with 

S = J d'^x^pi. (i-f'^Di, - m)tp -^J d'^xTr {F^^ ^ F'^^) , (2.7) 

where the noncommutative field strength F^y is 

F^y = d^Ay - dyA^ - z(i^ ★ - ★ A^) , (2.8) 
and the covariant derivative 

D^ci^ = d^i^-iAi,*i^ . (2.9) 

The commutative counterpart tp{x) of the matter field ip{x) is in the fundamental 
representation of SU{2), = Inserting the expansion (2.4) into (2.7), we get the 
action in the^-linear order [16]: 

S = So + Si,A + Si,^ , (2.10) 

So = J d'^x (^i^ii^^'D^ - m)i; - Jf'^'^^F;,) , (2.11) 
Si,A = 0, 

= \eP'' j d^x (^-ii^rF^pDa^ + \i^Fp„{-irD^ + m)i^ (2.12) 

In order to simplify the notation we introduced the symbol A^p^ defined as 

= K^^Sl - 5^;,8^l^ + (cyclic a/37) = -e'^^^e.^^A ■ (2.13) 
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The bosonic ^-linear term ^i^^ vanishes (unhke in the C/(l) case) because it is pro- 
portional to the symmetric coefficients d"'^'^ = Ti {{T°- ,T^}T'^), and for SU{2) these 
coefficients are zero for all irreducible representations. 

In the functional integration we will treat {A^, jp) as a multiplet so we want both 
fields to be real (or to be complex). Therefore we write the Dirac spinor tp in terms 
of the Majorana spinors V'i,2- For the charge-conjugated spinor 0*^ = C'tp'^ Majorana 
spinors are given by ^1^2 = ^(V'=tV''^)j vice versa, = ^/'i+ii/'2 ^- To express the action 
in terms of Majorana spinors, one has to use explicitly the form of Pauli matrices (i.e., 
the representation of the group generators). As (72 is antisymmetric and ai, 0-3 are 
symmetric matrices, the gauge field A'^ couples to Majorana spinors differently from 
Ajj^, A^. The action reads: 

So = j (fx -m + A'y )V'i + -m + A' y)V'2 

+ iUA'^ + 4' y)V'2 - + - \ F^'-^F-,) , (2.14) 

^1 = - ^ ^^^A;- I d'x (ii^^l\{Flf-^ + Flf-^)^^ - t^{Fl/-^ + ))^i 
+ #27''((i^;l.y + i^^ly )^a - K(F^y + F^ly ))V'2 

+ \F;Mi'il^i^2-i'2l^i^i)) . (2.15) 
This will be the initial point for the quantization. 



3 One-loop effective action 

Background field method is one of the standard methods to obtain divergent and finite 
quantum contributions to the classical action [13]. In the first step, one expands fields 
around their classical configuration, i.e. splits the fields into the background (classical) 
part and the quantum correction: 

A^^A^ + A^ , Vi,2 ^ ^1,2 + ^1,2 • (3.16) 

Quantum fields are denoted here by A^, ^'1,2- The functional integration over the 
quantum fields in the generating functional is then performed; the effective action, 
r, is the Legendre transformation of the generating functional. In the saddle-point 
approximation, the integration gives: 

r[A^,Vi,^2] =.5[^M.V'i,^2] + ^Sdet logS(2)[^^,V;i,^2] . (3.17) 

Sdet denotes the functional superdeterminant and 5^^^ is the second functional deriva- 
tive of the classical action. For polynomial interactions, the second derivative can be 
obtained from the quadratic part of the action; it is an expression of the type: 

j d^x{Ai ^1 #2)^1^*1 j , (3.18) 

"'^We encounter some of the identities which Majorana spinors satisfy: (px = x4' ! ^PIij-X = ~Xln4>'i 
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where we wrote B instead of S^'^^ as, in fact, we include the gauge fixing term, too. In 
our case the gauge fixing term is 

Sgf = -\j d^x{D^An' , (3.19) 

Dfj^ is the background covariant derivative, D^A'''"' = d^A'^'^ + e^'^^A^^A'^^ . To calculate 
the one-loop correction 

r(i) = ^ logSdetiS = STr logi3 

perturbatively, one usually expands log B. In correspondence with the notation for the 
fields, i3 is a 3x3 block matrix 

(Bii Bi2 013 \ 
B=\B21 B22 023 • 
\B3i B32 B33J 

The submatriccs B12, B13, B21 and B31 are Grassmann-odd while the rest arc Grassmann- 
even; the supertrace is defined by STtB = TtBu — Tt B22 — Tr033. B depends on the 
classical fields. One should keep in mind that (for a = 1, 2, 3) is a triplet, while ipi 
and ip2 are dublets of the SU (2) group. 

In the absence of the interaction, B is the inverse propagator; in general case, one 
can separate the kinetic part: 

/yapS'^'D 0\ 
B = { ip \ + M . 
\ ip / 

We are to expand log0 around identity I = diag(g'^,/(5"^, 1, 1). To achieve this, we 
multiply by C [18]: 

/2 \ 
C = io -ip , 
\0 -ip J 

and then for the one-loop correction we obtain 

= ^STV log(0C) + ^STV logC"^ 

= ^ STr log(X + n-^MC) + ^ STr log C'^ + ^ STr log □ . (3.20) 

The second and the third terms, being independent on the fields, can be included in 
the infinite renormalization. Note that now the propagator for all fields is n~^. The 
operator O'^MC defines the rules in the perturbation expansion. 

To get the structure of the expansion more clearly, we decompose M.C into the sum 

A^c = iVo + iVi + Ar2 + ri + r2 + r3 (3.21) 

with respect to the number of fields - indices denote their number in a given term. 
A'o, A^i and N2 originate from the commutative theory, while Ti, T2 and r3 are the 
noncommutative interactions linear in 9. One can read Nq . . .T3 from the action 
(2.14-2.15), after the separation of the part quadratic in the quantum fields. 
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In the 9^ order we get 




A/^o = I imp I . (3.22) 
Ni is lengthy. If we write it as 

N Ui2 

Ni = I U21 U22 U23 I , (3.23) 



, '"31 —U23 



its matrix elements are given by 





= 2e^f\d,Ai-dX) 




Ul2 




-V^2f )^7^! 


Ul3 


= (V^if -iV^sf V^: 


if f t'^^ 


U21 


= 27'^(ifV2 fV-i 




U3I 




-ifV'i) 


U22 






U23 







The remaining, N2, is 



M 0^ 

ATs = I I , (3.24) 




with 

M^t = -g^^.S^^A'^^A-- + g^^AlAf^ + 2^^^^ - 2^^^ . 

We will introduce Ti, T2 and T3 symbolically; the full expressions are given in the 
Appendix. They are of the form 



(3.25) 



(3.26) 

As already stressed, the representation of SU{2) is not real (symmetric), and the inter- 
action of the gauge fields with the Major ana spinors cannot be written in a manifestly 

covariant way. But all given operators have the same structure which is the conse- 
quence of the fact that the action was originally in Dirac spinors. Note that for the 
massless fermions Nq = 0; Ni, Ti and T2 drastically simplify, as well. 













P2I 






Kp31 


Q 


912 


913^ 


q2i 


922 


923 


931 


-923 


922 
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4 Divergencies, 2-point functions 

Introducing the decomposition (3.21), for the one-loop correction (3.20) we get 



rW = -STr\og{I+D-^MC) (4.27) 



n+l 



( \ 

= -Y^ iZi_ STr (D-^iVo + D-^A^i + D-^N2 + O'^Ti + D-^Ts + D'^T^f . 
2 ^-^ n 

n=l 

Our notation allows to extract the contributions from different terms in the expansion 
(4.27) easily. Parts of the effective action which give the 2-point functions have two 
classical fields. This means that the sum of indices in the monomials which wc are 
interested in is equal to 2. Since there is an operator with the index 0, in principle, 
infinitely many terms contribute to the n-point functions. However, as we are calcu- 
lating the divergencies only, we will need just finite number of terms: □"''^A^o behaves 
as in the momentum space, and the integrals become convergent for (□"^ATq)*^ of 
a high enough degree. 

For the 2-point function in the zero-th order, power counting gives that the traces 
which contribute are: STr (□-^ATin-iATi), STr (D-^iVon-^iVs) and STr {n-^No{a-^Nif) 
Performing the Fourier transformation and the dimensional regularization we obtain 

SIV (n-^NiD-^Ni) = J d'^x(^- 24^;^nA'^" - 2A{d^A^"'f + GiiPpi/^j , 

STr (□-lAToD-iiVa) = , 

STr(n-iAro(n-iA^i)2) = [ d'^xUmtpij . 

(4vr)^e J 

Adding, we get the standard result of the commutative theory 

r2AM = -|sTr(n-i7Vin-iiVi) + lsTr(n-iiVo(n-^iVi)') 

= TtV ( - e^uD^'^" - 6(5^^^'')' + ^i'p^P - 6mV;v) • (4.28) 
(47r)^e \ ^ 2 / 

The contribution of the ghost action (3.19) should be added, too: 



Now we consider the ^-linear order. Potentially divergent terms are 
STr {U-'^NiU-^Ti), STr ((D^iiVon'^A^i + □"^iVin~^iVo)n"^ri), STr {U-^NqU-^T2) 
and ^Ti{{n-^NofU-^Ni + U-^NoU-^Nin-^No + U-^Ni{n-^Nof)U-^Ti). 
The dimensional regularization gives the following: 

STr(n-iArin-iri) = -^^^e>'-(^-e^,p^i,^^Y^dP^+^mi,a,a^^^^ , 
STr ((□-^ATon-^ATi + D-^Nin-^No)n-^Ti) = , 

STr(n-^Aron-^r2) = , 

and 

STr (^{{D-'^NofD~^Ni + B'^ NqB-^ NiD''^ Nq + □~^iVi(n-iiVo)2)n~^ri) 



All together, the divergent part of the 2-point function in the linear order reads: 



+ j^^l0^''{-irn%,ap^-f5-f'^d''i; + m^^a,^,^y (4.30) 

This is a nice result: comparing (4.30) with the 0-linear correction for the 2-point 
functions in NC QED [12], we see that in the SU{2) case also, only fermionic propagator 
gets a correction; the correction is, up to a factor, the same as the one for ^7(1). This 
has further consequences. In NC QED we argued that the massive terms obstruct 
renormalization, as only for the case m = one can redefine fields in such a way that 
the divergent terms disappear. The analysis can be repeated for SU (2) without change. 
Hence, we come to the conclusion: the NC gauge theories with massive fermions are 
not renormalizable. 

For this reason in the calculations of 3-point and 4-point functions we focus to 
the massless case. One might add that the calculations become so cumbersome that 
otherwise they would hardly be doable. 



5 3-point and 4-point functions 

The background field method is a gauge covariant method and therefore it gives the 
covariant results. On the other hand, the separation into 2-point, 3-point etc. functions 

breaks the gauge covariance: for instance, given by the formula (4.30) is not 
covariant; it is a part of the covariant expression (written assuming that m = 0) which 
is, up to the order of the covariant derivatives, equal to: 

r'2 = I e^'^e^^.^^j^^D^Dfi;, (5.31) 

Writing in the form (5.31), we included the parts of the 3-point, 4-point and 5-point 
functions. When one calculates the 3-point functions, from the dimensional analysis it 

is easy to sec that, apart from the terms residual from (5.31), basically only two terms 
contribute (up to the partial integration and various combinations of indices). They 
are the leading terms in the covariant expressions 

eip-yF^Dip) and eip-y{DF)tp , (5.32) 

(7 stands for the products of the 7-matrices). However, as we stressed already, the 
calculation i.e. the organization of terms becomes increasingly difficult, so in order to 
find the 3-point functions we use a trick. We calculate the coefficients of the terms 
(5.32) in the 4-point functions. When we are doing this, we can assume that the 
background spinor field is constant, so the covariant derivative D^ip reduces to Ai^ip; 
in this case iVi . . . T3 also simplify. The gauge covariance enables us to recover the 
result for the 3-point functions uniquely at the end of the calculation. 

Divergent parts of the 3-point functions are in the terms STr ((□~-'^iVi)^n~^ri) and 
STr (□~^iVin~^r2); the corresponding traces in the 4-point functions are 
STr (n-^iVin-ira) and STr ((□-^iVi)2n-^r2) . The divergent part of the first trace 
is 

STV {n-'mn-'n) = -j^^o^^" (gaif^Jj-^I; - 3^^f;,v^7-v) , (5.33) 
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while for the second one we get 

+ e'^H - \ e,o.ppA--{d^A^P - dPAl)i>'^ 757"^ 

- '^^^e^aPpAlid^A'^P -d^A'^)i^^^,Y^ 

- ^ e^.^o.pAlidt'A''" - d"A-^)i^^ 757> 

- le,^^pA'^''d,A--^^j,j^^)) . (5.34) 

When we add these expressions and try to 'covariantize' the result, we obtain a 
piece which does not match: it is precisely the part of the 2-point function (5.31). The 
rest gives the 3-point function in its covariant form: 

^ (47r)2e 2 V q i hh^ 

43? - 3? 

+ 2#7^F,c«i^"^ + ^V^7/.(^"^^^a)V' 

+ le^,api2i;^5l^FP''Dpi, + i;-f5l''iDpFP'^)2p)') . (5.35) 



4-fermionic vertex has a very important role in the discussion of renormalizability. 

The corresponding 4-point function is relatively easy to find: to this end one can 
put = in N1...T3. The divergent part comes from STr ((□-^Ari)2n-ir2) and 
STr((n-iAri)3n-iri); the final result is 

= ^ r'^e;,.^,V^757"V' i^Yi^ ■ (5.36) 

(5.31), (5.35) and (5.36) are the main results of our calculation. 



6 Discussion 

As we mentioned in the introduction, there is no a priori criterion which would fix the 
nonuniqueness in the SW map. The redefinition of fields allowed by it changes the 
action; the terms which appear are of the forms: 

A^i"^ = J (fx (L>^F^^)aJ^) , (6.37) 

ASj"^ = j (fx + , (6.38) 

written for the case of massless fermions. A^j"'' and 'I'^") are gauge covariant expressions 
of the n-th order in 9. The important thing in (6.37-6.38) is that, besides F^^ and ip, 
they contain at least one derivative. 
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The divergencies (5.31), (5.35), (5.36) which we obtained are such that they cannot 
be subtracted by the usual counterterms. However, if they were of the types (6.37- 
6.38), one could include them in the field redefinitions; thus the theory would be 
renormalizable in a generalized sense. Analyzing the divergencies, we see that the 
situation with the NC SU{2) is pretty much the same as with the electrodynamics. 
We already noted that the propagator correction (5.31) breaks the renormalizability, 
unless m = 0. The 3-point functions in the massless case present no problem, too. 
Gluon 3- and 4-vertices get no quantum correction in the ^-linear order - there is no 
classical gluon vertex in (2.15) in that order, either. In this respect the behavior is 
again similar to U{1), where ^-linear 3-photon vertices did exist: quantum one-loop 
corrections were precisely of the same form as the corresponding classical vertices [10]. 
Further, the fermion-gluon 3-vertex (5.35) is already written in the form (6.38) with 

= ^/^^ (^K^F^^ + iK2a^pF^P + iK3e^upa-f5F'"' + K4a^uD^^ V • (6-39) 

We observe that the fermions in the renormalized theory would be redefined via the 
gluon fields, i.e., noncommutativity would be mixed with (or partly immersed into) 
the gauge interactions. 

However, there is a divergent term which spoils the renormalizability: the 4-point 
function (5.36). It predicts the current-current interaction, and there is no simple way 
to circumvent this coupling induced by noncommutativity. 

In fact, from the dimensional analysis we can see that in the massless case, propa- 
gators in NC gauge theories are renormalizable to all orders. Namely, for gauge bosons 
the n-th order corrections are of the form 

e^_^ A A , (6.40) 

n k 

while for fermions they are 

ij-i ip . (6.41) 

n k 

The power counting gives the number of derivatives k: for the gluon propagator k = 
2 -I- 2n; for the fermions. A; = 1 -|- 2n. This shows that one can, in all orders, transform 
(6.40-6.41) into the desired forms (6.37-6.38). The use of the background field method 
guarantees the gauge covariance. 

On the other hand, the vertices are potentially problematic. Prom the power count- 
ing we see that in the linear order the 'wrong' vertex could be 

Oiipl^f , (6.42) 

while in the quadratic order we could have, e.g., 

e^F^ , e^i-ijjjtpfF . (6.43) 

These terms contain no derivatives and therefore break the SW generalized renormal- 
ization scheme. The term (6.42) is present for both U (1) and SU (2) theories coupled 
to fermions. An interesting fact, however, is that in both theories it has the same form 
(a different coefficient), namely 

e''"eM-P^V^757>V^7''V' , (6.44) 



11 



whereas the other combinations allowed by covariance, as, e.g. 0^^ e^^p^'^^^^^'^ ^ ip 'tpj^^tp 
or ^^'^V'757^tV' V'7i/^5 never show up. This opens the possibility that this divergence 
might cancel in a gauge theory based on the product of gauge groups. 

However, we are not in favor of a theory which needs too much fine tuning. Thus 
we are inclined to interpret our results (and the previous ones, [9, 10, 12]) as an indi- 
cation that NC gauge theories coupled to fermions arc not rcnormalizable. But before 
a definite conclusion, one should certainly check whether the specific ^^-corrections, 
as 4:A vertex (6.43), vanish. The presence of the O^F'^ divergence would prove non- 
renormalizability, possibly even for the pure gauge theories. It would also be interesting 
to understand if there is some systematics in the behavior of various divergent terms. 



7 Appendix 

We present here the operators from the expansion (3.21) which are induced by the 
^-linear interaction terms. The matrix Ti containing one background field is 

(0 Pl2 Pl3\ 

P21 P22 P23 , (7.45) 

P31 -P23 P22 / 

where the matrices pij are given by 

/ -m5-^p^P^a^ + § A';'^'^^i^^^p^)a^-,''^^ 
P12 = -{O'^'i iS>idp4;2CT2 + hA>;'^';{d^i;2)a2j'da 
\ -mS^^dp^ias + i A^^^(5^V^i)a37''5„ 

P13 = -^^"M -zm,5^5,ViicT2-iA^^^(5^VSi)c727''5„ 
V -m5-,dpi>203 + I A^^^(5^V^2)fT37^5a 

/ mS^^a^^^dp - iA^;;^7^ai(5„Vi)5^ ^ ^ 
P21 = -^"M zm,5>2V'25p + ^A^^°7/'a2(aaV2)5^ 

V m5>3V'i5p - i A^^^7^c73(5„Vi)5m 

/ m,5>iV'25,-iA;^;;^7V(5„^2)5^ \^ 

P31 = -^'"^ -imfcV'i5p-iA^^;^7/^a2(a„Vi)5, 

V mJ>3V'25p-iA^^^7/3a3(5„V2)5^ / 

P22 = -\eP'^[m{{dpAl)a, + {dpAl)a^)-'-A^;JI^P{^^^^ 

P23 = \Q<'\-m{dpAl)a2-\A^;:il\d,Al)a2d:)p. (7.46) 



The matrix T2 is 



Q gi2 

921 922 923 I (7.47) 

, 931 —923 



a b 

with Q = \ —b a d \ , and 

-c —d 
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912 = —ep^ 



b = ^ ^^-(^1(73^1 + ^2<T3^2) + ^ 0'"'^';'^3 ((9a^l)7^<T3^i + {dMl'^(T3^2) 
C = ^M-(^,^2V'l - i^2(T2^p2) - I e^"A^^^ [{da^Plh^C72i^l + {da^2h^ ^2^2) 

d = J ^'^'^(^lai^i + ^2(Tl^2) + ^ OP'^A'^'J^ [{dMl^CTli^l + (5aVi2)7^f^lV'2) , 

while the other matrix elements are 

-m<5;;(VSiA2a3 + #24^2) - § A^^^((9^Ai)V;2 + d,Aii^2)l^ \ 

-m6l{-i^iAlai - #24^2) - § A^^^((5^^3 + ^^^3^2)7^ / 

/ -iAl{{d^i,i) - i^ldo^a^) + 4((5„V^2) - i^2da)<T2 

- - Q'"A^;Jl iAliidati) - t^da)a^ + iAUida^Pi) - j^ida)a3) 

\ iAl{{dal/jl) - tplda)(Ti - Al{{datp2) - V'2^a)o-2) 

913 = 912 ^^2, ■02^-01 

/m6^,{-Ala3^^ + ^3(72^2) + § A^;;^7^^2((5M^i) - 

921 = -r'^ m<5^(-4aiV'i + 4a3V.2) + §A^^^7«^2((5X)-^a9^^ 
\m5^,i-Ala,^p^ - ^4^72^2) + | A^^f^jf'Mid.Ai) - Aid,) 




\-iai(5„V'l + (9aVl))^^ - f^2(9aV'2 + (9aV'2))^i 
923 = 92l|V'i-^V2, V'2->— 01 

g22 = -i^eP^iAlAla,+AlAla3W 

923 = J ^''^4^icT2^ - 3^ ^'"^A^-7''c72(a„^^Al + 

- 3^^'"^A;:-(a^^»)A^7''^. 

Finally, the operator r3 containing three fields is 

R ri2 ri3 
T3 = \ r2i r23 I , (7.48) 



with 



, ^31 -r23 



r?2 = -^0''^A^-6»^^4A^Vi27^^ 

^?3 = ^^"'^A^^^e'^'^Mj^^V^n^^ 



13 



r2s = -^^^^A^-^^A^/^. 
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